ABSTRACT The constraint following stabilization problem of aerospace mechanical manipulators containing uncertainty is investigated. Due to the inevitable modeling error and external disturbance, there always exists uncertainty. To guarantee that the mechanical system follows prescribed constraints (holonomic or non-holonomic), two classes of adaptive robust controls are proposed. The system performance is represented based on a ϕ-measure. The control scheme consists of two parts: the nominal control part and the adaptive robust control part. By the Udwadia-Kalaba theory, the nominal control is proposed to force the nominal mechanical system to meet the constraints. Furthermore, the adaptive robust control is proposed to address the uncertainty issue, while the adaptation law is proposed to estimate the bounding information of the uncertainty. Under the control, the system is guaranteed to follow the constraint regardless of the uncertainty.
I. INTRODUCTION
Mechanical manipulators are important components of spacecraft, whose main missions include satellite reposition, debris removal, on-orbit assembly, refueling, repair, and technology refresh of the spacecraft. In addition, it also has great military application potentials. As a result, over the past decades, mechanical manipulators have attracted more and more attentions in aerospace applications [1] - [3] .
The control of a mechanical manipulator, whose motion is to follow prescribed constraints (which may be holonomic or non-holonomic), has always been one of the central issues in aerospace research. The manipulator performance plays a significant role in spacecraft on-orbit service missions. Over the past decades, considerable efforts have been conducted on control design of mechanical manipulators, which can be summarized as two classes: passive constraint problem and servo constraint problem.
First, the passive constraint problem mainly focuses on what the Nature (i.e., the environment or the system's structure) will do to strictly satisfy the desired constraint [4] . For a well-designed mechanical system, the constraint can be ensured by an automatically generated constraint force. This is usually regarded as a design problem. So far, extensive research work has been conducted using Lagrangian mechanics (for a survey, see [4] ).
Second, the servo constraint problem, focuses on utilizing servo control to actively generate the desired constraint force to guarantee system performance [5] - [7] . This is usually regarded as a control problem. With the development of servo mechanical system, the servo constraint problem has attracted more and more attentions [8] - [10] . The essence of the servo constraint is to explore what the engineer should do, which has the advantage of simplicity and easy implementation. Considerable efforts on this problem are mainly focused on the control design based on exact mechanical system model [11] , [12] . Since the modeling uncertainty is inevitable in practice, there are also preliminary efforts devoted to addressing the uncertainty issue [13] - [15] . In [16] , the sliding mode control combined with an exact control of nominal system is proposed for an uncertain multi-body system. In [17] and [18] , to meet the holonomic/nonholonomic constraints, a robust control is proposed for mechanical systems containing uncertainty and disturbance. In [19] and [20] , by using fuzzy information of uncertainty bound, an optimal robust control is proposed for constraint following of uncertain mechanical systems. However, these control approach are mostly based on the pre-estimated upper bound of uncertainty. Since it is difficult to obtain the detailed information about the uncertainty, the pre-estimated upper bound is usually based on the worst case scenario (hence it is conservative), which may increase the control cost [21] , [22] .
The scope of this research belongs to the servo constraint approach, with emphasis on adopting a ϕ-measure. We consider a class of uncertain mechanical manipulator systems containing prescribed holonomic or non-holonomic constraints. The bounding information of the uncertainty in the system is difficult to be obtained. An adaptive robust constraint following control approach is proposed for the uncertain mechanical manipulator system, whose control scheme consists of two parts: the nominal control part and the adaptive robust control part.
The main contributions of the article are threefold. First, by using the Udwadia-Kalaba theory [23] - [25] , a nominal control is proposed to force the nominal mechanical system to meet certain prescribed constraints. Second, an adaptation law is proposed to estimate the bound of system uncertainty. Third, two types of adaptive robust controls are proposed to address the system dynamics issue caused by the uncertainty. The first one can ensure complete constraint following (constraint following error converging to zero based on the ϕ-measure) of the uncertain mechanical system. The second one can render approximate constraint following, including uniform boundedness and uniform ultimate boundedness, of the system based on the ϕ-measure. Both controls demonstrate outstanding performance in simulations.
II. MECHANICAL MANIPULATOR SYSTEMS
Consider a mechanical manipulator in the form of [26] , [27] (1) with t ∈ R + denotes the time, q(t) ∈ R n ,q(t) ∈ R n andq(t) ∈ R n denote the coordinate, the speed, and the acceleration, respectively. Here δ(t) ∈ ⊂ R p denotes the uncertain parameter, u(t) ∈ R n denotes the control, and denotes the bound of δ(t). Furthermore, M (q(t), δ(t), t) ∈ R n×n , C(q(t),q(t), δ(t), t) ∈ R n×n , and G(q(t), δ(t), t) ∈ R n denote inertia matrix, Coriolis/centrifugal force, and gravitational force, respectively.
For the system (1), the following first-order constraint is proposed:
with A(q, t) ∈ R m×n , c(q, t) ∈ R m . The constraint may be holonomic or nonholonomic.
where
This second-order constraint will be used later. Let
Then (3) can be rewritten as
Next, suppose δ in the mechanical manipulator system is known. By the Udwadia-Kalaba theory, the constraint force, in its analytic form, will be proposed to satisfy the constraint (7).
Assumption 1: For each (q, t) ∈ R n × R and δ(t) ∈ , M (q, δ, t) > 0.
Remark: During the last decades, the positive definiteness of M was considered to be always true. However, it has been proven that the assumption may be violated if q cannot be chosen as generalized coordinate [28] .
Definition 1 [29] : For given A and b, the constraint (7) is called consistent if there is at least one solutionq.
Assumption 2: The constraint (7) is consistent. Furthermore, rank[A(q, t)] ≥ 1.
Theorem 1 [29] : Under the provision of the Assumptions 1 and 2, to ensure the constraint (7) to be met, the constraint force of the system (1) can be given as
Here ''+'' denote the Moore-Penrose generalized inverse. Remark: In all possible forces which can render the system to meet the constraint (7), the constraint force (8) possesses the minimum norm. Furthermore, it also meets the Lagrange's form of d'Alembert's principle and Gauss's principle.
Remark: Theorem 1 implies that the constraint force is model-based. If δ is known, the control u = Q c can be directly applied for the system to ensure the constraint (7) to be satisfied. However, in practice, δ is often unknown. As a result, one can not implement the control u = Q c . The uncertainty issue will be investigated next.
III. ADAPTIVE ROBUST CONTROL I
For the system (1), we decompose M (q, δ, t), C(q,q, t), and G(q, δ, t) as follows:
HereM (q, t),C(q,q, t), andḠ(q, t) represent the ''nominal'' parts, M (q, δ, t), C(q,q, δ, t), and G(q, δ, t) represent the uncertain parts. Define
Then we have
The following assumptions are required.
Assumption 5: Subject to Assumption 4, for given U ∈ R m×m , U > 0, define
There is a constant ρ E > −1 such that for all (q(t), t) ∈ R n × R,
Let
t)). (15)
Assumption 6: There are unknown constant vector φ ∈ R k + and known function (·) :
t). (16)
Remark: Under the provision of Assumption 5, we know that 1 + ρ E > 0. Thus the function (·) can be considered as the system uncertainty bound. Note that (16) is a inequality, not an equation. Therefore, there exist many different choices of (·) to satisfy (16) . In practice, one may take advantage of this flexibility in choosing simpler (·).
Assumption 7: For each (q,q, t) ∈ R n ×R n ×R, the function (·, q,q, t) has the following properties:
(ii) (·, q,q, t) is non-decreasing with respect to each component of φ.
Remark: Note that the function (·) is associated with the uncertainty bound of the system, and the vector φ is associated with the set . Therefore, the constant vector φ can represent the uncertainty bound to some extent. Let
Based on the aforementioned assumptions, the adaptive robust control is proposed as follows: (19) where
The adaptation law is proposed aṡ
is the i th entry ofφ).
Remark: The ϕ-measure is proposed to reflect the extent of deviation from the desired constraint. In the ideal case when ϕ ≡ 0, the constraint is strictly followed. If ϕ is small, the constraint is closely followed.
Remark: Due to the modeling uncertainty and the initial parameter uncertainty in the control input, it is possible that ϕ = 0. As a result, we only consider the approximate constraint following of the system in this paper.
Remark: The control χ 1 (q,q, t) is the nominal constraint force to ensure the constraint (7) to be satisfied. The control χ 3 (φ, q,q, t) is the adaption part to compensate for the effect of the uncertainty according to the estimated parameterφ. Furthermore, the control χ 2 (q,q, t) can be considered as a middle term in the control, which enhances the control performance of both χ 1 (q,q, t) and χ 3 (φ, q,q, t).
For the uncertain system (1) and (9) subject to Assumptions 1-7, the control (19) is able to ensure the system performance as follows:
(i) Uniform stability: For each ζ > 0, there exists ξ > 0 such that if η(·) is any solution with η(t 0 ) < ξ , then η(t) < ζ for all t ≥ t 0 ;
(ii) Convergence to zero: For any given trajectory η(·), lim t→∞ ϕ = 0. Proof: Consider the following Lyapunov function candidate
Taking the derivative of V (ϕ,φ − φ, ) yieldṡ
Next, we will analyze each term ofV . First, based on (1), (7) and (19), we have
Upon using (9) and (10), we have
Using Theorem 1, by (14), we have
By (16),
By (15), we have
By (11) and (18),
Upon using (20) and (23), we have
By the Rayleigh's principle [30] , using (12)- (13), we can obtain
According to (31) , (32) and (33),
With (28) to (34), we have
Second, by using the adaptation law (22) , the second term of (25) can be represented as
Third, upon using (21), the final term of (25) can be described as
Substituting (35)- (38) into (25),
Therefore, the state η(t) is uniformly stable. Meanwhile, by the Barbalat's lemma [31] , for any trajectory η(t), we know that ϕ converges to 0 as t → ∞. (This is not the same as the asymptotic stability) Q.E.D. VOLUME 6, 2018 
IV. ADAPTIVE ROBUST CONTROL II
An alternative adaptive robust control design is proposed to ensure approximate constraint following of the uncertain system (1).
Subject to Assumptions 1-7, the new robust control is proposed as u(t) = χ 1 (q(t),q(t), t) + χ 2 (q(t),q(t), t)
+ χ 4 (φ(t), q(t),q(t), t), (40)
andˆ > 0 is a scalar constant. The adaptation law is represented aṡ
where each element of L 1 , L 2 ∈ R k×k is non-negative, and
The first part of the adaptation law (42) is always non-negative, while the second part will decrease exponentially to zero. As a result, ifφ i (t 0 ) > 0, thenφ i (t) > 0 for all i and t ≥ t 0 .
Theorem 3:
For the uncertain system (1) and (9) under Assumptions 1-7, the control (40) can ensure the system performance as follows: (i) Uniform boundedness: For any r > 0, there exists a
(ii) Uniform ultimate boundedness: For any r > 0 with
Proof: Consider the following Lyapunov function candidate
Then taking the derivative of V yieldṡ
Similar to (35), for the first term ofV (ϕ,φ − φ), we have
t). (45)
Upon using (17), we have
Then (45) can be rewritten as
Substituting the adaptation law (42) into the second term ofV (ϕ,φ − φ), we have
and φ − φ ≤ η , with (47) and (48) into (44),
By [32] and [33] , we can conclude that the stateη(t) is uniformly bounded with
where Furthermore, the stateη(t) is uniformly ultimate bounded with
Q.E.D.
V. ILLUSTRATIVE EXAMPLE
We adopt a two-link mechanical manipulator (Figure 1 ) as an illustrative example to demonstrate the adaptive robust control design in Section III and IV. The system has a revolute joint and a prismatic joint. Let q = [θ 1 d 2 ] T denote the generalized coordinate and u = [u 1 u 2 ] T denote the control input. The mathematical model of the mechanical manipulator system is represented as
with
Here m 1 and m 2 are the masses of link 1 and link 2, respectively, I zz1 (I zz2 ) is the inertia tensor of link 1 (2) relative to its centers of mass, l 1 is the length of link 1, d 2 represents the distance between the joint 1 axis and the center of mass of link 2, and g represents the gravitational acceleration. In practice, different constraints should be satisfied based on different control purposes for the two-link mechanical manipulator. The revolute joint is associated with the motion control in the direction of θ 1 . Therefore,θ 1 = 0 implies that the motion in θ 1 direction has reached the desired control objective. Similarly, the prismatic joint is associated with the motion control in d 2 direction. As a result,ḋ 2 = 0 implies that the motion in d 2 direction has reached the desired control objective. In this paper, we take the fixture manipulator in an automobile assemble line as a demonstration, in which the constraint of the manipulator should be satisfied aṡ
that is,
Suppose m 1 and m 2 are uncertain (possibly time-varying) parameters with unknown bound, which is in the form of
Here m 1,2 (t) are the uncertain portions of the mass. For the illustrative example, it is easy to prove that the Assumption 1-4 is satisfied. According to the Assumption 5, we choose (φ, q,q, t) as follows:
Then we choose the control input u in the form of (19) and (40) separately. Since
VOLUME 6, 2018 the adaptation laws (22) and (42) are in the form oḟ
where L, L 1 and L 2 are all positive scalars. The parameters used for numerical simulation are listed as follows: m 1 = 2, Figure 2 shows the constraint following time history with the adaptive robust control (19) . For comparison, the corresponding nominal control in the form of (19) with χ 3 = 0 and the robust control in [34] are also used. The proposed control can guarantee the constraint following error convergence to zero after t = 0.4s, while the constraint following error trajectory stays unstable under the nominal control. The robust control in [34] can also make the constraint following error enter a small region around zero after t = 0.45s, but its maximum deviation is bigger than that of the proposed control (19) . Figure 3 shows the corresponding adaptive parameterφ history. Figure 4 -5 show the corresponding control efforts. To guarantee the constraint following error approach to zero, the magnitude of the adaptive robust control and the robust control are bigger than that of the nominal control in the beginning. After that, the adaptive robust control has the minimum control force. Figure 6 shows the constraint following time history with the adaptive robust control (40). The constraint following error approaches to a desired neighborhood around zero after t = 0.35s under the proposed control (40), while the corresponding nominal control law cannot keep the constraint following stability of the system. Although the robust control in [34] can also enter a small region around zero after t = 0.45s, it has a bigger fluctuation around zero than that of the proposed control (40). Figure 7 shows the trajectory of the adaptive parameterφ. Due to its leakage, the parameterφ decreases its value after t = 0.3s. Figure 8-9 show the corresponding control efforts. Despite that the constraint following performance with the adaptive robust control is superior to the robust control, the maximum magnitude of the proposed adaptive robust control is far smaller than the robust control. In addition, although the adaptive robust controls (19) and (40) have the similar constraint following performance, the adaptive robust control (40) has the smaller control force and the shorter rising time.
VI. CONCLUSION
The constraint-following control design problem for uncertain mechanical manipulators for aerospace applications is solved. The mechanical system contains time-varying nonlinear uncertainty, which is assumed to be bounded. However the bound is unknown. Two classes of adaptive robust controls are proposed based on a creative ϕ-measure. The control in Section III renders the constraint following error converging to zero (hence strictly constraint following in the limiting case), regardless of uncertainty. The control in Section IV guarantees the constraint following error uniformly bounded and uniformly ultimately bounded (hence approximate constraint following). Comparing with the control in Section IV, the control in Section III requires more complicated structure and higher control cost. However, it exhibits superior performance. He is currently a Professor with the School of Automation Science and Electrical Engineering, Beihang University, Beijing, China. His research interests include design and control of permanent magnet motor, robust design theory and method of electrical machine, and design theory and method of electrical machine with high reliability.
